The total chromatic number χ T (G) of a graph G is the least number of colors needed to color the vertices and the edges of G such that no adjacent or incident elements receive the same color. The Total Coloring Conjecture(TCC) states that for every simple
Introduction
All the graphs considered in this paper are finite, simple and undirected. We denote the vertex set, edge set, maximum degree, and order of a graph G by V (G), E(G), ∆(G), and |V (G)|, respectively. The degree of v ∈ V (G) is denoted by d G (v)(d(v)), the neighborhood set of v denoted by N G (v). If S ⊆ V (G)(T ⊆ E(G)), then G−S(G−T ) is the graph obtained from G by deleting S(T ) from G. If u, v ∈ V (G), and uv ∈ E(G), then G + {uv} is the graph obtained from G by adding uv. The terms and notations not stated may be found in [3] A total coloring of a graph G is a mapping π : V (G) ∪ E(G) −→ C such that no incident or adjacent elements of V (G) ∪ E(G) are assigned the same color from C, where C is a color set. The total chromatic number of G, denoted χ T (G), is the least cardinality of C for which there is a total coloring π : [2] and Vizing [5] independently made the following conjecture. Total coloring conjecture (TCC). For any graph G,
This conjecture was proved for some graphs. For details, see [6] . Sánchez -Arroyo [1] has shown that deciding whether χ T (G) = ∆(G) + 1 is N P-hard. In [4] , it is proved that the total chromatic number of Pseudo-Halin graphs for ∆(G) ≥ 6 is ∆(G) + 1.
In this paper, we show that the total chromatic number of Pseudo-Halin graphs with ∆(G) = 4, 5 is also ∆(G) + 1.
Useful results
We begin this section by stating the definition of Pseudo-Halin graph [4] . Let G(V, E) be a 2-connected planar graph, f 0 be a face without chord on its boundary(a cycle) and (1) v ∈ I R( f 0 ), all interior vertices adjacent to v are not adjacent to each other. (2) v ∈ I R( f 0 ), there are at most two vertices in N (v) in the same interior face.
then one of the following holds:
(1) w is an interior vertex of G and
, then the graphs:
are also Pseudo-Halin graphs.
Lemma 3 ([4]
). Let G be a Pseudo-Halin graph (G = W p ). Then the following hold:
(1) if w, x and y are vertices such as the case (1) in Lemma 2, then x y ∈ E(G). (2) if w, x and y are vertices such as the case (2) in Lemma 2, then |{x, y} ∩ I R( f 0 )| ≤ 1.
Main results
In the following, for simplicity, let
Proof. We use the induction on the number |V (G)|. When G = W 3 , it is easily proved that χ T (G) = 5, so the conclusion is true; When |V (G)| = 6, the non-isomorphic Halin graphs have only one configuration, and it is easy to prove that the conclusion is true. Now, we suppose that the conclusion is true for n ≤ 2k (k = 3, 4, . . .), and consider the case n = 2k + 2. Obviously, case (1) of Lemma 2 cannot occur. So we only consider the graph: G 0 = G − {u 1 , u 2 } + {xw, yw}, x, y, u 1 , u 2 are the vertices such as the case (2) in Lemma 2. Then G 0 is also 3-regular Halin graph, and |V (G 0 )| = 2k. By the induction hypothesis, G 0 has a 5-TC π 0 . Now begin to construct a 5-TC π of G on base of π 0 . The coloring without specification is the same as in π 0 .
On the color of x, y in π 0 , the proof is divided into the following two cases. Case 1. π 0 (x) = π 0 (y). Let π(wu 2 ) = π(xu 1 ) = π 0 (wx); π(wu 1 ) = π(yu 2 ) = π 0 (wy); π(u 1 u 2 ) = π 0 (w); π(u 2 ) = π 0 (x); π(u 1 ) ∈ C \ {π(wu 1 ), π 0 (w), π 0 (x), π(xu 1 )}.
Then, π is a 5-TC of G. So the conclusion is true.
Theorem 2. Let G be a Pseudo-Halin graph with
Proof. It is enough to prove that a 5-TC of G exists. We use the induction on the number Let
Consider the graph: G 0 = G − {w, u 1 , u 2 , u 3 } + {x y}, x, y, u 1 , u 2 , u 3 are the vertices such as the case (1) in Lemma 2. As the analysis in the former subcase 1.1, G 0 is colored with 5 colors. Without loss of generality, suppose that the 5-TC of G 0 is π 0 . Now, construct the 5-TC π of G on the foundation of π 0 .
Let π(xu 1 ) = π(wy) = π(u 3 ) = π 0 (x y); π(u 2 ) = π(wu 3 ) = π 0 (y); π(w) = π(u 3 y) = π(u 1 u 2 ) ∈ C \ C 0 (y); π(wu 2 ) = π(u 1 ) = C \{π(w), π(wy), π(wu 3 ), π 0 (x)}; π(wu 1 ) = π(u 2 u 3 ) ∈ C \{π(w), π(wy), π(wu 3 ), π(wu 2 )}.
Then π is a 5-TC of G. Case 2. w is the vertex such as the case (2) in Lemma 2. Then the proof is divided into the following two cases. Case 2.1. d(w) = 3. It is referenced the proof of Theorem 1.
Consider the graph G 0 = G − {u 1 , u 2 , u 3 } + {wx, wy}, x, y, u 1 , u 2 , u 3 are the vertices such as the case (2) in Lemma 2. Similarly the analysis in the former Subcase 1.1, G 0 is colored with 5 colors. Without loss of generality, suppose that the 5-TC of G is π 0 . Now, construct the 5-TC π of G 0 on the foundation of π 0 . The proof is divided into the following two cases. One is {π 0 (x), π 0 (y)} (C \C 0 (w)) = φ, and the other is {π 0 (x), π 0 (y)} (C \C 0 (w)) = φ, 
Then π is a 5-TC of G. Subcase 2.2. {π 0 (x), π 0 (y)} (C \ C 0 (w)) = φ. Without loss of generality, suppose that π 0 (x) ∈ (C \ C 0 (w)).
Let π(xu 1 ) = π(wu 3 ) = π(u 2 ) = π 0 (wx); π(yu 3 ) = π(wu 2 ) = π(u 1 ) = π 0 (wy); π(wu 1 ) = π 0 (x); π(u 3 ) ∈ C \ {π 0 (w), π(u 2 ), π(yu 3 ), π 0 (y)}; π(u 2 u 3 ) ∈ C \ {π 0 (u 2 ), π(wu 2 ), π(u 3 )}; π(u 1 u 2 ) ∈ C \ Let π(u 2 u 3 ) = π 0 (w); π(yu 4 ) = π(u 2 ) = π(wu 1 ) = π 0 (wy); π(u 3 u 4 ) = π(u 1 u 2 ) ∈ C 0 (w) \ {π 0 (w), π 0 (wy), π 0 (wx)}; π(wu 4 ) = π(u 3 ) = π(xu 1 ) = π 0 (wx); π(wu 3 ) ∈ C \ C 0 (w); π(wu 2 ) ∈ C \ (C 0 (w) ∪ {π(wu 3 )}); π(u 4 ) ∈ C \ {π 0 (w), π(u 3 ), π(u 3 u 4 ), π(yu 4 ), π 0 (y)}; π(u 1 ) ∈ C \ {π 0 (w), π(u 2 ), π(u 1 u 2 ), π(xu 1 ), π 0 (x)}. Then π is a 6-TC of G. So the conclusion is true.
By the definition of Pseudo-Halin graph, the following corollary is very easy to obtain:
Corollary. Let G be a Halin graph with ∆(G) ≥ 4, then χ T (G) = ∆(G) + 1.
